In this paper, we use the bootstrap technique to obtain prediction errors for different claim reserving methods, namely the chain ladder technique and methods based on generalised linear models. We discuss several forms of performing the bootstrap and illustrate the different solutions using the data set from Taylor and Ashe (1983) which has already been used by several authors.
Introduction
The prediction of an adequate amount to face the responsibilities assumed by an insurance company is a major subject in actuarial science. Despite its well-known limitations, the chain ladder technique (see for instance Taylor (2000) for a presentation of this technique) is the most widely applied claim reserving method. Moreover, in recent years, considerable attention has been given to discuss possible relationships between the chain ladder and various stochastic models (Mack (1993) , (1994) , Mack and Venter (2000) , Verrall (1991) , (2000), Renshaw and Verrall (1994) , England and Verrall (1999) , etc.).
The bootstrap technique has proved to be a very usefull tool in many fields and can be particularly interesting to assess the variability of the claim reserving predictions and to construct upper limits at an adequate confidence level. Some applications of the bootstrap technique to claim reserving can be found in Lowe (1994) , England and Verrall (1999) and in Taylor (2000) . However, the definition of the propper residuals to base the bootstrap methodology in the claim reserving process is still an open subject as well as the particular technique to use, when bootstrapping, to obtain upper limits for the predictions.
The main purpose of this paper is to discuss those different methods when combined with different stochastic models and to identify the most important differences in a benchmark example, the data set provided in Taylor and Ashe (1983) which has been used by many authors.
The problem of claim reserving can be summarised in the following way: Given the available information about the past, how can we obtain an estimate of the future payments (or eventually the number of claims to be reported) due to claims occurred in those years? Furthermore we need to determine a prudential margin which is to say we want to estimate an upper limit for the reserve with an adequate level of confidence. C represent either the incremental claim amounts or the number of claims arising from accident year i and development year j and let us assume that we are in year n and that we know all the past information, i.e. ij C ( n i ,..., 2 , 1 = and
). The available data presents a characteristic pattern, which can be seen in figure 1 . From now on, and without loss of generality, we consider that the ij C are the incremental claim amounts.
More than to predict the individual values,
), we are interested in the prediction of the rows total,
), i.e. the amounts needed to face the claims occurred in year i and especially in the aggregate prediction, C, which represent the expected total liability. Keep in mind that we want to obtain upper limits to the forecasts and to associate a confidence level to those limits.
In section 2 we present a brief review of generalised linear models (GLM) and their application to claim reserving while in section 3 we discuss some aspects linked to the bootstrap methodology. Section 4 is devoted to the application of the different methods to the data set provided in Taylor and Ashe (1983) and to draw some conclusions.
Generalised Linear Models (GLM) and claim reserving methods
Following Renshaw and Verrall (1994) we can formulate most of the stochastic models for claim reserving by means of a particular family of generalised linear models (see McCullagh and Nelder (1989) for an introduction to GLM). The structure of those GLM will be given by
and where (.) f , the density (probability) function of ij Y belongs to the exponential family. φ is a scale parameter. When we consider that the claim amounts follow a lognormal distribution, see Kremer (1982) , Verrall (1991) or Renshaw (1994) among others, we observe that ) ln( ij ij C Y = has a normal distribution and consequently the relations (1)-(3) still continue to define a GLM for the logs of the incremental claim amounts. Now the link function is given by ij ij µ η = and the scale parameter is the variance of the normal distribution, i.e.
2 σ φ = .
The linear structure given by (3) implies that the estimates for some of the parameters depend on one observation only, i.e. there is a perfect fit for these observations. If the available data follows the pattern shown in figure 1 
It is well known that a GLM with the linear structure given by (3) and ij ij V µ µ = ) ( , i.e. a quasi over-dispersed Poisson distribution gives the same predictions as those obtained by the chain ladder technique (see Renshaw and Verrall (1994) ). However, if we use a quasi over-dispersed Poisson, it is necessary to impose the constraint that the sum of incremental claims in each column is greater than 0. Note that the same constraint apply to quasi gamma models and that we need a stronger constraint for lognormal, gamma or Poisson models (each incremental value should be greater than 0).
As we said, in claim reserving, the figures of interest will be the aggregate value
and the rows total
The predicted values will be given by
µ and
µ respectively. To obtain those forecasts the procedure will be:
• Define the model
and φ .
• Obtain the fitted values ij μ ( n i ,..., 2 , 1 = and
• Check the model (eventually)
• Obtain the "individual" forecasts
• Obtain the forecasts for the rows reserve
• Obtain the forecast for the total reserve
Obtaining estimates for the standard error of prediction is a more difficult task. Renshaw (1994) , using first degree Taylor expansions, deduced some approximations to the standard errors. These values are given by:
• Standard error for the "individual" predictions:
where V(.) is the variance function and ) var( ij η is obtained as a function of the covariance matrix of the estimators and is usually available from most statistical software. The term 2 ij µ is a consequence of the link function chosen.
• Standard error for the row totals
where the summations are made for the "individual" forecasts in each row.
• Standard error for the grand total
where the summations are made for all the "individual" forecasts.
Those estimates are difficult to calculate and are only approximate values, even in the hypothesis that the model is correctly specified. This is the main reason to take advantage of the bootstrap technique.
The Bootstrap Technique
The bootstrap technique is a particular resampling method used to estimate, in a consistent way, the variability of a parameter. This resampling method replaces theoretical deductions in statistical analysis by repeatedly resampling the "original" data and making inferences from the resamples.
Presentation of the bootstrap technique could be easily found in the literature (see for instance Efron and Tibshirani (1993) , Shao and Tu (1995) or Davison and Hinkley (1997)) The bootstrap technique must be adapted to each situation. For the linear model ("classical" or generalised) it is common to adopt one of two possible ways:
• Paired bootstrap -The resampling is done directly from the observations (values of y and the corresponding lines of the X matrix in the regression model);
• Residuals bootstrap -The resampling is applied to the residuals of the model.
Despite the fact that the paired bootstrap is more robust than the residual bootstrap, only the later could be implemented in the context of the claim reserving, given the dependence between some observations and the parameter estimates.
To implement a bootstrap analysis we need to choose a model, to define an adequate residual and to use a bootstrap prediction procedure.
To define the most adequate residuals for the bootstrap it is important to remember two points:
• The resampling is based on the hypothesis that the residuals are independent and identically distributed;
• It's indifferent to resample the residuals or the residuals multiplied by a constant, as long as we take that fact into account in the generation of the pseudo data
Within the framework of a GLM we could use different types of residual (Pearson, deviance, Anscombe…). In this paper, our starting point will be the Pearson residuals defined by
Since φ is constant for the data set, we can take advantage of the second point and use
in the bootstrap procedure, that is to ignore, at this stage, the scale parameter. When using a normal model it is trivial to see that these residuals are equivalent to the classical residuals,
However, these residuals need to be corrected since the available data combined with the linear structure adopted in the model leads to some residuals of value 0 (as we have already mentioned, in the typical case, ). These residuals should not be considered as observations of the underlying random variable and consequently should not be considered in the bootstrap procedure.
As in the classical linear model (see Efron and Tibshirani (1993) ), it is more adequate to work with the standardised Pearson residuals and not the Pearson residuals since only the former could be considered as identically distributed. As it is well known the standardised Pearson residual should be given by (see McCullagh and Nelder (1989) ).
Considering the structure of our models (log link functions and quasi distributions), we have Note that similar procedure could be defined if we use another kind of residuals, namely the deviance residuals.
Let us now briefly discuss the bootstrap prediction procedure. To obtain an upper confidence limit for the forecasts of the aggregate values we can use two approaches:
The first one takes advantage of the Central Limit Theorem and consists on approximating the distribution of the reserve by means of a normal distribution with expected value given by the initial forecast (with the original data) and standard deviation given by the standard error of prediction. The main difference between the bootstrap estimation of these standard errors and the theoretical approximation obtained in the preceding section is that we estimate the variance of the estimator by means of a bootstrap estimate instead of using the (approximate) theoretical expression. For a detailed presentation of this method (in a general environment) see Efron and Tibshirani (1993) . England and Verrall (1999) use this approach in claim reserving and suggest a bias correction for the bootstrap estimate to allow the comparison between the bootstrap standard error of prediction and the theoretical approximation presented in section 2. The bootstrap standard error of prediction will be given by The second approach (see Davison and Hinkley (1997) ) is more computer intensive since it require two resampling procedures in the same bootstrap "iteration" but the results should be more robust against deviations from the hypothesis of the model. The idea is to define an adequate prediction error as a function of the bootstrap estimate and a bootstrap simulation of the future reality and to record the value of this prediction error for each bootstrap "iteration". We use the desired percentile of this prediction error and combine it with the initial prediction to obtain the upper limit of the prediction interval. • Estimate the model with the pseudo data and obtain the bootstrap forecast * ij µ , *
• i µ and *
• µ .
• • Create the pseudo reality, * * • Obtain the prediction errors *) *, * ( • Return to the beginning of stage 2 until the B repetitions are completed. England and Verrall (1999) suggest that we could correct the bias of such estimates by multiplying them by a factor equal to ) /( p n n − , n being the number of observations in the data triangle and p the number of parameters in the linear structure.
• Apply the theoretical expressions of the standard error of prediction and use those estimates. • μ is the prediction with the original data (stage 1) .
An application
Let us consider the data from Taylor and Ashe (1983) which are presented in table 1 in incremental form. As already said, this data set has been used by several authors and acts as a sort of benchmark for claims reserving methods. England and Verrall (1999) have summarised the main results obtained by those authors and they also use bootstrap technique to evaluate the predictions standard errors related to the chain ladder approach. For that purpose, they consider a model with a quasi over dispersed Poisson data to define the residuals, taking advantage from the fact that this particular GLM generates the same estimates as the chain ladder technique. They use Pearson residuals without correction (given in relation (8)) and they follow the first procedure for the bootstrap, based on the estimation of a standard error of prediction. Despite they use a GLM for the residual definition they obtain the predictions by means of the chain ladder. This difference is relevant since, in that particular example, the two methods do not agree for some pseudo data sets generated by the bootstrap. In fact, for some pseudo data sets we could have negative values in the north-east corner which do not allow the use of this GLM. We extend the work of England and Verrall in three directions: First, we discuss the consequences of the introduction of the residual corrections. Second, we examine the differences in the results obtained by the two bootstrap procedures. Finally we consider the bootstrap predictions obtained by the gamma model. For this data set the gamma model presents a clear advantage: all the pseudo data generated by this model allow their estimation by the same model.
To discuss the first point we consider the same methodology as England and Verall, which will be called by mixed model (quasi over dispersed Poisson for the residual definition and chain ladder for the predictions) and the first bootstrap procedure. We use the Pearson residuals without corrections, with the zeros corrected -we eliminate the residuals corresponding to the last column of row 1 and to the first column of row 10 -and the residuals with the zeros corrected and the factor h (see relation (9)). Table 2 presents the standard errors of prediction for the three situations considered as well as the upper limits for a confidence level of 95%. Remember that the estimated reserve is the same.
As expected, the standard errors of prediction grow up when we introduce the corrections and consequently the same happens to the upper limits. For the standard errors, the changes are between 16.9% and 24.4% when we compare the estimates with the zeros corrected and the h factor against the estimates obtained without corrections. The values for the situation where only the zeros are discarded are located between the two extremes. We can also see that the impact of the introduction of the h factor is greater than the discard of the two zero values. When we look to the upper limits the differences act in the same way but the figures are necessarily smaller (between 4% and 16%). The second point is to compare the two bootstrap approaches. For that purpose we consider again the mixed model and we obtain the upper limits using the two bootstrap procedures: SEP, that is the approach based in the standard error of prediction, against PPE, that is the other procedure to obtain the adequate percentile of the prediction error. Table 3 presents the results for the upper 95% limit using two residual corrections. Since some generated pseudo data set present negative values in the north-east corner, it is not possible to obtain the upper limit for year 2 when using PPE bootstrap procedure.
The second bootstrap procedure generates smaller values for all but the last occurrence year. The differences amongst the results obtained with the two bootstrap procedures are not very important (less than 7% in absolute terms).
Let us now compare the results for the quasi over-dispersed Poisson against the Gamma model. Table 4 shows the estimated reserve as well as the theoretical approximation to the standard error of prediction given by relations (5) and (6). Combining these two estimates and using the normal distribution we obtain the upper 95% confidence limits which are also presented. Note that the gamma model provides a better fit than the over-dispersed Poisson. Two main conclusions can be drawn:
• Usually the gamma model produces smaller estimated reserves but the figures are not very different. The exception is the reserve for year 4 where the value obtained with the gamma model is 14% less than those estimated with the over-dispersed Poisson model. For the global prediction the same ratio is -3%.
• However the standard errors of prediction are quite different and consequently the estimated upper limits. These differences tend to be greater in the first years (estimation based on few predictions). The upper confidence limits present smoother differences since they combine the standard errors of prediction with the estimated reserves. The upper limit for the global prediction is 4% lesser with the gamma model than with the over-dispersed Poisson model.
Finally we compare the results obtained with the different models and the two bootstrap procedures. Table 5 presents those results when the residuals are corrected.
The main conclusion is that the aggregate predictions are not very different. The smaller value (23 460 724) is 92% of the biggest (24 857 209). Those differences are much more influenced by the choice of a model than by the selection of a bootstrap procedure.
When we look at the results for each year the differences are more significant but, again, we see that the main problem is the choice of a model. In this particular example the gamma model presents a better fit to the observed values. 
